
 

1 Real numbers
SstilIutroduction
most basic idea counting

I 2 3 4 5
denote by letter IN

IN I 2 3,4

special numbers prime numbers
15 3 5

13500 33 22 53
3 2 and 5 are prime numbers

only divisible by themselves
and 1

Suppose now we want to solve the

simple equation x t 8 4

one reaction has no answer

alternative i postulate 4 to be the

solution
negetive numbers

Altogether we obtain the integers

TL 4 3 2 I O l 2,3 4



Iole the number 0 is defined as the
solution to the equation x 14 4

Consider now the equation
3x t 2 4

no integer is a solution
solution leads to fractional or rational
numbers

Q all numbers of the farm
where p and q are integers and geo

Notation I 0.5 decimal fractious

for example 27 t Fo t Foot 000

27 5328

Let us now move on Consider
2 L

observe 12 1 22 4

x should be between 1 and 2

take for example x 1.5 then
1 5 2.25 2

I 4 1.96 2



obtain a sequence
11 21 Z F Yolo Ito 7587 i

At some point in history it was realized

he rational number solves the

equation x 2

Very important will give a proof eaten

For now postulate the solution to be

irrational number root of2
other irrational numbers Ff

52597 53 327552
Notes

i Not every root is irrational

for example F 2 FI I
need to check in each case

ii Not all irrational numbers arise as

roots of rationals a combinations thereof

famous example it

The collection of all integers rationals

and irrationals are called real numbers
and denoted by IR



y

geometric visualization

4 ts.LI o I

i ri i E I t

rational and irrational numbers

Between any
two rational numbers you

can always find another
I'oI I p l

I 7 128 2
101

In fact there are infinitely many
we say the rational numbers are densely

spread along the line

where are the the irrational numbers

dense continuous
will define carefully what the difference
is later on

Let us now move on Consider the equation

Xt t l O



need to find a number whose square
is 1

Sounds impossible
postulate the number i imaginary
such that it I

Have arrived at the complex numbers
at its
T T
teal numbers

denoted by E

3

4 1 i
2

3.5 2
I

I l
i i
ly b k ti I L s 4l

y
z l
s

Eti

complex numbers are algebraically complete

any polynomial
equation such as

x5 5 4 30 3 50 2 55 21 0

can be solved with complex numbers



Some historical comments

Ancient Greeks represented numbers with

help of pebbles
0 O O O O O O O O O O O O

SO I
even numbers odd numbers
two identical vows Cif arranged in

two identical rows

always leaves a

separate pebble
addition is done by regrouping the pebbles

sum of even numbers is even

sum of an even number of odd numbers
is even

Triangular square and oblong numbers
0 000

0 808 ooooooo a I enjoyed

of triangular
numbers

8



ratios and proportions
the pairs 2,3 and 4 6 are in proportion

modern statement Zz

But for ancient Greeks z

0

O O O 0

I 2 3

A ratio was for them not a number

but a way to compare numbers

2 to 3 is like 4 to 6

There was no concept of adding or

subtracting them like we do with modern
ratios
In commensurability
consider the segments AB and AC

I
t
l l l l I 1

A B

I
S
l l l l 1 1

A CABis measured in terms of r units of
AC is measured in terms of g measure.ua

Now let's imagine we want to measure



with a c unit t

Two lengths are commensurable

if they can be measured with

the same unit t

Next let's imagine we want to measure

sides and the diagonal of a square
with the same unit

Ai ti i l B
assign IABI It

s then LACI 52

i

y

D E
AB and AC are incommensurable

Otherwise i IABle th LACK t m unreal
and Y t I e Q

But we know if Q
But how do we know this
Was discovered by Pythagoreans of
ancient Greece



Let's have a look at their proof
E I F

D H
C

G
A B

Assume now that the segments DH and
DB are commensurable i.e

IDHI m f and n and m

BI z n f
co prime
have no common

factors

Then DBHI and AGFE represent

square numbers i.e area BHI h2

area AGEE _m2 and in addition ME 2h2
m2 is even m is even

m2 can be divided into four
area ABCD k where k 4 42

But then area BHI 2 area ABCD



Hence DBHI represents a square number
that is even n is even

contradiction u and u were

co prime
Hence u and ur are incommensurable

D

1.2 Axiomatic approach

assume fundamental laws axioms

derive everything else

3 classes of axioms

A The field axioms describe laws
like t

B Ordering axioms describe s E z

c Completeness axiom describes difference
between Q and R

A Field axioms

112 is a set On this set there are

two operations



1 Ca b Cat b c R

R TR

2 Ca b vs Ca b ER

satisfying the following axioms

Commutative law at b be a a b b a

Associative law Catb tc a cb.ie a b c a Cb c

neutral element 7 OER with a lek with
a 10 9 a I 9

Of 1

Inverse element ta I b t a 0 Fb
with atb o with a b 1

Distributive law a btc a b ta c

Remark
i A set satisfying these axioms is called

a field R is an example of a field



There are other fields e.g

K foil
with the operations

0 t O O O O 0

Ot l I 0 I 0

It 0 I l O 0

It I O l I

Ii For a there exists exactly are b with
at b O Suppose there is b with
at b 0 then

b b O neut t

b b atb

b b a b Assoc t

b's Cat b b Comm t

b O t b

b b t 0 Comm t

b b neutr f

This element is denoted by a

a x C b a b

d



defines subtraction and difference

iii For each at 0 F b with a b l

Canalogous to ii

notation a or at
a b ay defines quotient and

division


